
Advanced Algorithms
Lecture 16: Balls and bins



Announcements

• HW 4 out — due next Friday 

• Mid-term poll: discussion

( Graphs .hr ehovtst paths ) .

• Office hrs today - 1pm -7 2PM .



Randomized algorithms: 
analysis

• In some cases: trade-off between running time & probability of 
correctness  (e.g., identity testing, …) 

• Las Vegas algorithms: always correct, but running time can 
sometimes be large (e.g., quick sort)

( running
times are

random

variables - ) .



Expected running time

• Run time is a random variable — e.g., quick sort 

• Choose random number of the array as the “pivot”, divide array 
into two parts, sort recursively 

• As long as split is “roughly balanced”, problem size reduces 
significantly 

• Can write a recurrence for the expected running time 

• Law of “conditional expectation”

E[X] = p(F ) · E[X|F ] + (1� p(F )) · E[X|F ]
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Expectation good enough?

• Suppose that the expected running time is O(n log n) 

• Can we upper bound probability that it is (say) n2 ? 

• What about n1.5 ?
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General result

Markov’s inequality:  let X be a non-negative random variable with 
expectation C.  Then prob[X > tC] <= 1/t.

• Implication for quick sort? 

• “Boosting probability”

-

e-
htt > I

Pr I X > to .c) a ¥ . .

-

→ C

=L
, nlogn

← X : running
time of quick sort

what if we
want on

instance of size n
-

Success prob
. of

0.99999

Prf X > to

.hn/ogn
] E to .

[ IN . p . 30.5 , running time E 2 . C .



What is a bound on Prob f X > Is ] .
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Amplification by repetition
Goat get much higher success prob .
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Today’s plan

• Understanding hashing via “balls and bins” 

• Linearity of expectation



Hashing

(Src: wikipedia)
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Hashing
Universe of keys

Hash values

h: U —> V

• Don’t know keys beforehand 

• Small set of hash values (~ # 
of keys) 

• Few “collisions”

What one hopes:

Designing hash functions can be tricky…
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Balls and bins
-



Some questions

Problem:  suppose we have n balls and m bins. Imagine throwing the 
balls into bins, independently and uniformly at random.

• What is the expected size of each bin? 

• Suppose n = m; What is the expected number of bins with exactly 4 
balls? 

• Suppose n = m; What is the probability that there exists a bin with 
(log n) balls?
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Expected size of a bin

Definition of expectation:

X I .

B :
random variable www.
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Expected size of a bin

Definition of expectation:

Moral from last week:  never compute expectations using the definition!



Linearity of expectation
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Expected size of a bin

“Decomposing” into a sum of random variables…

balls bins
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Expected # of bins with 4 balls
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Expected # of bins with 4 balls



Some questions

Problem:  suppose we have n balls and m bins. Imagine throwing the 
balls into bins, independently and uniformly at random.

• What is the expected size of each bin? 

• Suppose n = m; What is the expected number of bins with exactly 4 
balls? 

• Suppose n = m; What is the probability that there exists a bin with 
(log n) balls?



The union bound



The union bound


